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Abstract
In this paper, by the use of the way of weight coeﬃcients, the transfer formula, and
the technique of real analysis, we introduce some proper parameters and obtain a
multidimensional Hilbert-type inequality with the following kernel:
s∏
k=1
(min{‖m‖α , ck‖n‖β}) γs
(max{‖m‖α , ck‖n‖β}) λ+γs
and a best possible constant factor. The equivalent form, the operator expressions
with the norm, and some particular cases are also considered. The lemmas and
theorems provide an extensive account of this type of inequalities.
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1 Introduction
If p > , p +





p > , ‖g‖q > ,






x + y dxdy <
π
sin(π/p)‖f ‖p‖g‖q, ()
where the constant factor π
sin(π/p) is the best possible. Assuming that am,bn ≥ , a =






p > , ‖b‖q > , we have the following dis-







m + n <
π
sin(π/p)‖a‖p‖b‖q. ()
Inequalities () and () are important in analysis and its applications (cf. [–]).
In , by introducing an independent parameter λ ∈ (, ], Yang [] gave an exten-
sion of () at p = q =  with the kernel (x+y)λ . In recent years, Yang [] and [] gave some
extensions of () and () as follows:
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kλ(t, )tλ– dt ∈ R+,
φ(x) = xp(–λ)–, ψ(x) = xq(–λ)–, f (x), g(y)≥ ,
f ∈ Lp,φ(R+) =
{
















kλ(x, y)f (x)g(y)dxdy < k(λ)‖f ‖p,φ‖g‖q,ψ , ()
where the constant factor k(λ) is the best possible. Moreover, if kλ(x, y) is ﬁnite and
kλ(x, y)xλ–(kλ(x, y)yλ–) is decreasing with respect to x >  (y > ), then for am,bn ≥ ,
















kλ(m,n)ambn < k(λ)‖a‖p,φ‖b‖q,ψ , ()
where the constant factor k(λ) is still the best possible.
Clearly, for λ = , k(x, y) = x+y , λ =

q , λ =

p , () reduces to (), while () reduces to
(). Some other results including themultidimensional Hilbert-type integral, discrete, and
half-discrete inequalities are provided by [–].
In this paper, by the use of the way of weight coeﬃcients, the transfer formula and tech-
nique of real analysis, a multidimensional discrete Hilbert’s inequality with parameters







The equivalent form, the operator expressions with the norm, and some particular cases
are also considered.
2 Some lemmas
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Lemma  If g(t) (> ) is decreasing in R+ and strictly decreasing in [n,∞)⊂ R+ (n ∈N),
satisfying
∫ ∞
















g(t)dt (n = , . . . ,n),
∫ n+
n+































Hence, choosing plus for the above two inequalities, we have (). 


































γ – du. ()


















ms= · · ·
∑∞
m=.
Proof ForM > s/γ , we set
	(u) =
{
,  < u < sMγ ,
(Mu/γ )–s–ε , sMγ ≤ u≤ .
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For s = ,  <
∑






































ε → +). ()
Then we have (). 






































(min{t, ck}) γs tλ–
(max{t, ck}) λ+γs
dt














































































tλ– iλs +(– is )γ– dt.


































tλ– iλs +(– is )γ– dt,































































In particular, (i) for s =  (or cs = · · · = c), we have kλ(x, y) = (min{x,cy})γ(max{x,cy})λ+γ and
k(λ) =
λ + γ
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, c– x < y <∞,
for λ ≤ j –γ (λ > –γ ), kλ(x, y) yj–λ is decreasing for y >  and strictly decreasing for the









































s , csy < x <∞,
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then for λ ≤ i – γ (λ > –γ ), kλ(x, y) xi–λ is decreasing for x >  and strictly decreasing
for the large enough variable x.
In view of the above results, for i, j ∈N, –γ < λ ≤ i – γ , –γ < λ ≤ j – γ , λ + λ = λ,
kλ(x, y) yj–λ (kλ(x, y)

xi–λ ) is still decreasing for y >  (x > ) and strictly decreasing for
the large enough variable y(x).
Deﬁnition  For s, i, j ∈ N,  < c ≤ · · · ≤ cs < ∞, –γ < λ ≤ i – γ , –γ < λ ≤ j – γ ,
λ + λ = λ, m = (m, . . . ,mi ) ∈ Ni , n = (n, . . . ,nj ) ∈ Nj , deﬁne two weight coeﬃcients






(min{‖m‖α , ck‖n‖β}) γs









(min{‖m‖α , ck‖n‖β}) γs















Lemma  As the assumptions of Deﬁnition , then (i) we have
w(λ,n) < K (s)
(
n ∈Nj), ()























(ii) for p > ,  < ε < p (λ + γ ), setting λ˜ = λ –
ε
p (∈ (–γ , i – γ )), λ˜ = λ + εp (> –γ ), we
have




































(min{‖x‖α , ck‖n‖β}) γs












α , ck‖n‖β}) γs
(max{M[∑ii=( xiM )α]

























(min{Mu/α , ck‖n‖β}) γs



















(min{Mu/α , ck‖n‖β}) γs ‖n‖λβ





























ks(λ) = K (s) .
Hence, we have (). In the same way, we have ().






(min{‖x‖α , ck‖n‖β}) γs
















(min{v, ck}) γs vλ˜–
(max{v, ck}) λ+γs












(min{v, ck}) γs vλ˜–
(max{v, ck}) λ+γs
dv.





















and then () follows. 
3 Main results
Setting (m) := ‖m‖p(i–λ)–iα (m ∈ Ni ) and 	(n) := ‖n‖q(j–λ)–jβ (n ∈ Nj ), we have the
following.
Theorem If s, i, j ∈N,  < c ≤ · · · ≤ cs <∞, –γ < λ ≤ i –γ , –γ < λ ≤ j –γ , λ +λ =
λ, ks(λ) is indicated by (), then for p > , p +

q = , am,bn ≥ ,  < ‖a‖p,,‖b‖q,	 <∞, we








(min{‖m‖α , ck‖n‖β}) γs










q ‖a‖p,‖b‖q,	 , ()
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(min{‖m‖α , c‖n‖β})γ ambn








































q (λ + γ )c–λ
(λ + γ )(λ + γ )
. ()








(min{‖m‖α , ck‖n‖β}) γs




















Then by () and (), we have ().
For  < ε < p (λ + γ ), λ˜ = λ –
ε
p , λ˜ = λ +
ε




α = ‖m‖λ˜–iα , b˜n = ‖n‖λ˜–j–εβ
(
m ∈Ni ,n ∈Nj).


























































(min{‖m‖α , ck‖n‖β}) γs











































Shi and Yang Journal of Inequalities and Applications  (2015) 2015:371 Page 10 of 14
If there exists a constant K ≤ (K (s) )

p (K (s) )

q , such that () is valid as we replace
(K (s) )

p (K (s) )

q by K , then using () and () we have
(
K (s) + o()
)( 






+ εO˜() – εO()
)



































































and then (K (s) )

p (K (s) )

q ≤ K . Hence, K = (K (s) )

p (K (s) )

q is the best possible constant factor
of (). 
Theorem  As regards the assumptions of Theorem , for  < ‖a‖p, < ∞, we have the
following inequality with the best constant factor (K (s) )














(min{‖m‖α , ck‖n‖β}) γs












which is equivalent to (). In particular, for s =  (or cs = · · · = c), we have the following

























(min{‖m‖α , ck‖n‖β}) γs
(max{‖m‖α , ck‖n‖β}) λ+γs
am
)p–
, n ∈Nj .
Then it follows that Jp = ‖b‖qq,	 . If J = , then () is trivially valid for  < ‖a‖p, < ∞; if
J = ∞, then it is impossible since the right hand side of () is ﬁnite. Suppose that  < J <
∞. Then by (), we ﬁnd



















and then () follows.
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(min{‖m‖α , ck‖n‖β}) γs am







≤ J‖b‖q,	 . ()
Then by (), we have (). Hence () and () are equivalent.
By the equivalency, the constant factor (K (s) )

p (K (s) )

q in () is the best possible. Other-
wise, we would reach a contradiction by () that the constant factor (K (s) )

p (K (s) )

q in ()
is not the best possible. 
4 Operator expressions and some particular cases
For p > , we deﬁne two real weight normal discrete spaces lp,ϕ and lq,ψ as follows:
lp,ϕ :=
{




















As regards the assumptions of Theorem , in view of J < (K (s) )

p (K (s) )

q ‖a‖p,, we give
the following deﬁnition.
Deﬁnition  Deﬁne a multidimensional Hilbert-type operator T : lp, → lp,	–p as fol-






(min{‖m‖α , ck‖n‖β}) γs












(min{‖m‖α , ck‖n‖β}) γs
(max{‖m‖α , ck‖n‖β}) λ+γs
ambn. ()


































Since the constant factor (K (s) )

p (K (s) )

q in () is the best possible, we have the following.
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Corollary  As regards the assumptions of Theorem , T is deﬁned by Deﬁnition , it fol-
lows that








































ambn < ks(λ)‖a‖p,φ‖b‖q,ψ . ()
























































and k˜s(λ) is indicated by ().
(iii) For γ = –λ in () and (), we have λ < λ ≤ i + λ, λ < λ ≤ j + λ, λ,λ <  and
















































and k̂s(λ) is indicated by ().
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(iv) For λ =  in () and (), we have λ = –λ,  < γ + λ ≤ i,  < γ – λ ≤ j (γ > ),






























< K ()s (λ)‖a‖p,, ()
where the best possible constant factor is deﬁned by
























and k()s (λ) is indicated by ().
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